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1 Statement of the problem and set-ups

Problem. The action governing gravitational waves is the second order expansion of the full attion
S = Sen + Sg (1)

where the Einstein—Hilbert attion is

M2
S ——Plfd4x\/_—R (2)
EH 9 8 2
and the matter action is
Sp = f d'x Vg Ly ()
with the scalar-field Lagrangian

1
Lo ==50,00"9 =V (9). ()

Set-up. The perturbed flat FLRW metric g ,,, is conformally equivalent to the perturbed Minkowski metric

v = a(1)?8,y = a(m)* (M, + ) (s)

. . . = ﬂv — a MV .
where the pure tensor perturbation h,,,, is spatial i, = 0, traceless n*"'h,,,, = 0 and transverse 9, h*” = 0.

Convention. We set Mp; = 1 for now and (—,+,+, +) signature is used. Pre-superscript denotes the order of the quantity.
Barred quantities are associated with the perturbed Minkowski metric, and unbarred associated with the perturbed FLRW met-
ric, e.g. 3° = =8, but 8° = —a729,,.

2 Preliminary results

In deriving these results, we bear in mind that i v 1S symmetric, purely-spatial, traceless and transverse; its indices are raised with
the unperturbed Minkowski metric.

Result 1. The perturbed inverse Minkowski metric is
gab _ nab _ pab + O(hz), (6)
and the perturbed inverse FLRW metric is g*? = a=2g%?.

Result 2. For conformally equivalent metrices g, = 0?2 8, the associated Ricci scalars are related by

R=7?(R-6V*InQ-6Y,nQV*nQ). (7)



Proof. Since g0 = Q0 2g%, direct computation gives

3 1 ugfn - ) 3
. = §ga (abgcd + 0. 844 — adgbc)

1o wdf- . .
e+ 5028 (8eq B 2 + 8, 0e 2 = 8,920, )
T4, +06%0, InQ+ 63, InQ-g, V*InQ.

Hence

) ) o
R, =09, +0,0, +, [ —Tc 7
= Ry~ 9. (845 V¢ InQ) = 20,0, InQ + 20, InQ3, In
+2I'° 0. InQ2 —2¢g_, 3. InQ0° InQ
g T VInQ+g, T¢, V' Q+g,. I,V InQ.

But
0. (84 VI Q) =V (8,, V' In Q) + g, 19, V' InQ+ g, , T, V' InQ-g,,T¢ V0
0,0, nQ=V,V, InQ+T¢ ,0InQ
so we have 3
R, =R, -2V,V,InQ+2V,InQV, InQ-2g , V. InQV InQ-g_ , V*In Q.
Therefore

R=02g"R,,
=Q?(R-6V’1nQ -6V, InQV*In Q). O
Result 3. Using the formula
2
det(X + €A) = det X det(I + €B) = detX(l +etrB+ % [(trB)2 - tr(BQ)]) + 0(53), B= XA,
we have the perturbed FLRW metric determinant up to second order

Mg = Og tr((o)g“" “thp) = (0 tr(a‘Qn”Vth,,p) =0,

1 a8
2), — = (0 2 _ 0) uv 2 0) _po 2 _“ v
§=5"8 [0 tr( g ah,, g’ a hml)] =3 Ry R

Thus using binomial expansion /(g + 6g) = V—g¢+1+ g 16g = \/—g[l + %g_l 0g — %g‘Q 5g2 + O(6g3)],

) J=g = a*, (8)
W =% :% ©) =g @gt Mg —, (9)
® = :% © =g (O)g—l (2)g — _%hwhﬂv' (10)
Result 4. The perturbed Minkowski metric Chrigtoffel symbols up to second order are
0 = ghy,
Do = 5 (i = Wiy ) + 0(), (x)
I, = %(gj.hik =3y = W3y = WG by + WG by, )+ O(h)

and all others are identically zero to all orders.

© Mike S. Wang



Result 5. We compute the following quantities up to second order
2P TC = —Lpi 4 Tpikgign
80l qp =~ i T g ik

P 1., 1. 1., .-
~g" 0, T 4o = =50 (W 0yh,;) + Shyy + 50" (W3, hyy),

gabfcabf‘dcd — 0’

_ _ 1 1_ ..
—abpd ‘ i i17k
T4, €, = by 28, O

4 4¢ jk
which add up to give the perturbed Minkowski metric Ricci scalar up to second order
_ i 1o o 3. oy
R=-h hij—zlaihjkc? h _Zhijh (12)

Result 6. Combining Result 2 using the conformal factor 2 = a, Result 4 and Result 5, we extract the perturbed FLRW metric
Ricci scalar up to second order

6 6
0 _ 2 -2 .2\ __ ’
Op _—;(—6nlna—a a )_E(ﬂ +H), (13)
WRr =0, (14)
1. . oo o
@R = —a_Q(h’-’hij 50, hy 0+ Zhijh’-’) —6a2 DT 81na
3

ol i 1. . B i
= -a 2(h Thyy + 70,y 01" + L—lhijh-’) 34 H Ty, (15)

3 Full calculations

Einstein—Hilbert action

We need to calculate the second order quantity which by (9) is just
2)
(v=sr) = ¥ v=g PR + ¥ y=g Or.
By (8) and (15)

1 o
O =g g = —az(h” iy + 70y 0 0+ %h,.jh‘f) ~3a’H .

Integrating the firét term by parts,

—fd4x a2hijﬁl.j = fd4x 2a27-(hijhij + fd4x a2hijhij,
we find the integral
1 o 1 .
fd4x 0 y=¢ @R = I f dtxa®ihy; - f dtx a®d; h;, ' Wk - f d'x a®HhiI ;.
Integrate the lat term by parts
ijij 1 ij
—fd4x a27-(h]hij = Qfd4x an(aQ‘H)h]hij
1 .
= ifd4xa2(7'(+27‘(2).
Next we have from (10) and (13)

(2)\/—_g Op — _gfd4xa2(7:(+7’(2)hpvhw'
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We now arrive at

ijk

1 1 1 .
) Sen :gfd4xa2h”hij—§fd4xa28.h (Thfk—Zfd4xa2(7'(2+27'{)hp”hpa. (16)

Matter action

We need to calculate the second order quantity which by (9) is just

(VgLs) = D vmg OLy + Vvr OLy

1 1 a_4 . .
BlLy = |-58"0,00,6-V(8)| =~5 P 0,00,6 = ~=h"I,6,00;0 =0
and we have from (10)
4
a
P(VeLy) = PV OLy =

But by the Friedman equations written in terms of conformal time

v 1 -2 42
huvh'u 50 ¢ —V(¢) .

where p = ¢?/(2a?) + V and P = ¢?/(2a®) — V, we have

a4

2 .
PVTELe) = ONTE Ly = =T WP = Ty b (HE 4 2H).

Therefore we arrive at

1 .
@, = 1 f dix a®(H? + 2H ) h,, 7. (17)

Finally, adding the two subsectors (16), (17) together and restoring Mpi, we obtain

M2 Co
@s :?PlfdndeaQ(hijh”—al.hjkalhfk). (18)

4 FExtension

In general, the energy-momentum tensor for a single scalar field is

T = 34009 + " Ly (9)
soP = Til. /3= (0)£¢ as we saw above. Equivalently the matter action (3) can be recast as

Ly = f d*x V=gP(X,¢) (20)
where pressure P is a function of both the inflaton field and the kinetic term X = —g”'d,, $0,, ¢ /2. Proceeding as above with
the subétitution of the Friedman equations yields the same second order action for gravitational waves in FLRW background

spacetime, but now valid for general single-field inflation minimally coupled to gravity where the kinetic terms include only firét
derivatives.
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